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DEVELOPMENT OF AMATHEMATICAL MODEL OF THE PROCESS OF
EVAPORATION OF A LIQUID FOOD MEDIUM UNDER
NON-STATIONARY CONDITIONS

The article presents the development of a mathematical model of the unsteady process of evaporation of a
liquid food medium from an inert surface under conditions of natural and forced convection. The relevance of
the study is due to the critical energy intensity of dehydration processes in the food industry, which account
for 12% to 25% of total industrial energy consumption in developed countries, as well as the growing need for
the rational utilisation of secondary raw materials, in particular brewer's spent grain (BSG) with an initial
moisture content of 75-80%. The physicochemical complexity of liquid food matrices, characterised by non-
Newtonian rheological behaviour, a wide range of initial moisture content (80-95%) and a tendency to case
hardening, makes it impossible to apply classical convective approaches without prior mathematical justifica-
tion. The developed model describes the heat balance of the «liquid-inert surface-drying agenty system as a set
of interrelated thermodynamic components: convective heat transfer from the drying agent to the liquid sur-
face and metal plate, heat conduction through the tank wall, internal heat transfer between the bottom and the
liquid core, and mass transfer during the phase transition. The system of differential heat balance equations
covers the entire range of the unsteady-state process — from material heating to reaching the wet thermometer
temperature and complete moisture evaporation. The developed mathematical model is an adequate tool for
calculating temperature profiles in a liquid and a metal plate, the kinetics of material layer height reduction
and mass transfer intensity at different stages of the process. The model is applicable to a wide class of liquid
food media with a high initial moisture content: brewer's grains, fruit and vegetable purees, milk concentrates,
and protein suspensions. Prospects for further research include verification of the model at a laboratory instal-
lation, its extension to describe non-Newtonian systems with variable viscosity, and the development of a digi-
tal twin of the drying plant to optimise operating parameters in real time.

Keywords: mathematical model, unsteady evaporation, liquid food medium, heat and mass transfer, natural con-
vection, forced convection, beer foam, heat transfer coefficient, mass transfer coefficient, Nusselt number, Grashof
number, molecular diffusion, case hardening, dehydration, food industry.

Formulation of the problem. In the modern
food industry, dehydration (drying) processes are
among the most energy-intensive, complex, but
critically important technological stages. According
to fundamental studies of heat and mass transfer,
thermodynamic processes of removing moisture
from raw materials account for 12% to 25% of total
industrial energy consumption in developed countries
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[1]. Dehydration of liquid and highly viscous media,
such as fruit and vegetable purees, juices with
pulp, milk concentrates, protein isolates, extracts,
suspensions and fermentation broths, is particularly
challenging. These materials are characterised by
extremely high initial moisture content, often ranging
from 80% to 95% [2], and extremely complex
rheological behaviour, most often described by non-
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Newtonian models (pseudoplastic, dilatant fluids or
Bingham plastics) [3].

The physicochemical nature of such systems
poses serious barriers to traditional convective drying
methods. Water molecules in the food matrix are in
different thermodynamic states: from free moisture
in macrocapillaries to physicochemically bound
(hydration) moisture on the surface of protein and
polysaccharide macromolecules [4]. The removal of
free moisture is relatively easy, following the classical
laws of evaporation from a free surface. However, as
the moisture content decreases, the energy of binding
of moisture to the material increases exponentially,
requiring significantly higher heat input for the
phase transition [5]. In addition, the low thermal
conductivity of viscous products leads to uneven
heating of the material volume. Rapid evaporation
of moisture from the surface layers under conditions
of slow internal diffusion causes the formation of
a dense, impermeable crust (the so-called «case
hardening» phenomenon), which effectively blocks
further migration of moisture from the deeper layers
This leads to overheating of the surface, thermal
degradation of the product, loss of its biological
value and organoleptic properties [6]. All this leads
to an urgent and urgent need to move from classical
heat treatment methods to innovative dehydration
technologies that can intensify mass transfer without
destroying the nutritional profile of the product.

Analysis of recent research and publications.
The drying of agricultural waste represents a
separate large-scale engineering challenge. Brewer's
Spent Grain (BSG) is the main solid by-product of
the brewing industry, accounting for about 85%
of all waste in the industry. From a chemical point
of view, BSG is a complex lignocellulosic matrix
(barley grain hulls) containing a significant amount
of hemicellulose, lignin, and up to 26% of valuable
proteins and lipids [7; 25]. The initial moisture content
of fresh pellets reaches 75-80%, which, combined
with its rich nutritional composition, makes it an
ideal environment for the rapid growth of pathogenic
microflora and mould. Without dehydration, the
pellet deteriorates within 24 hours, forcing breweries
to dispose of it as low-margin feed or simply send it
to landfill.

Successful dehydration of brewer's grains
transforms this waste into a highly valuable raw
material: it is used for thermal energy generation
(biofuels) [8], extraction of proteins and enzymes
[9], development of innovative edible bioplastic films
[10], and as a functional ingredient in the baking
industry. However, the complex structure of the
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capillary-porous matrix of BSG, where a significant
proportion of water is tightly bound, makes drying
difficult.

Designingand scalingup modern drying equipment
for plastic, liquid and complex products without
prior mathematical modelling is an engineering
anachronism. The transition from laboratory scale to
industrial lines is accompanied by nonlinear changes
in hydrodynamics, mass and heat transfer, as a result
of which deviations in process parameters by even
a few percent can cause product burning, localised
overheating zones or the release of underdried
products with an increased risk of microbiological
spoilage.

Mathematical modelling is an indispensable
tool for solving these problems in three key ways.
Firstly, it minimises scaling risks by calculating the
hydrodynamic and thermal similarity of the devices,
which makes it possible to accurately reproduce
drying profiles when the volume of the chambers
is increased by hundreds of times [11]. Secondly,
modern models allow for total optimisation of
energy consumption by calculating heat balances
in real time, designing heat recovery systems and
hybrid heat pump systems, and modelling of solar
automatic dryers confirms their payback in less than
2.5 years [12]. Thirdly, controlling the temperature
distribution within the material allows you to track
the «temperature history» of each product particle,
ensuring the preservation of thermolabile compounds
such as vitamins in purees or tannins in extracts [13].

Thus, the development of mathematical models of
evaporation and drying processes is a scientifically
justified necessity and an integral part of the modern
approach to the design of food equipment. The use
of such models ensures not only the technological
reliability and energy efficiency of the designed
devices, but also guarantees the quality and safety of
the final product, which meets the requirements of
current food industry standards and the principles of
evidence-based engineering.

Task statement. We set the overall goal of
developing an efficient process for drying a liquid
food medium, which includes brewer's grains.
Therefore, the purpose of the article was to develop a
mathematical model of the process of evaporation of a
liquid food medium under non-stationary conditions.

Outline of the main material of the study. In
order to model the process of drying a liquid food medium
with a mixed heat supply, we will develop a mathematical
model of the unsteady process of evaporation of liquid
solutions from a neutral surface under the condition of
natural convection.
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During the drying process, liquid solutions go through
heating stages as a result of heat transfer from heated air to
the material to be dried and from the heated neutral surface
on which the material is located. In addition, the system
evaporates moisture from the surface of the solution and
transfers moisture within the material.

This article is devoted to the development of a
mathematical model of the unsteady process of evaporation
of liquid solutions from an inert surface under natural
and forced convection. A surface made of a material that
does not chemically interact with the material to be dried
(stainless steel) is taken as neutral. The mathematical
description is given on the example of water evaporation,
the properties of which are well known [14,15].

A portion of the material (water) is poured into a
rectangular metal tank, which is placed in a thermostat.
The lower part of the tank is represented as a stainless steel
plate (Fig. 1).

F

Is surface
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g temperature in
the centre

I» bottom

Iyl metal plate

Fig 1. Scheme of heat supply

The surface of the water is in contact with air.
From below, the water is bounded by a metal plate,
which also exchanges heat with the air. In the
process of convective drying, the water temperature
rises from the initial #,, °C, to the wet thermometer
temperature t,, °C, at which its complete evaporation
occurs. The heat transferred from air to water consists
of two components: heat transferred by convection to
the water surface

Fo, (1, —t5)d1,

(1)

and the heat transferred by convection from the air to
the metal plate

Fa,(t, —ty)dr,

2)
where F is the heat transfer surface, m? o, is the heat
transfer coefficient from air to the water surface, W/
(m?-K); o, is the heat transfer coefficient from air to
the plate (metal), W/(m®™); ¢, is the temperature of
water in the core, °C; ¢, is the temperature of water at
the bottom of the bubble, °C; 7, is the temperature of

the metal plate from the side of air, °C; ¢ is the drying
time of the material, s; % is the height of the water
layer, m;3, is the thickness of the plate, m.

Heat is supplied by the non-equimolar transfer of
matter [16, 17].

3)

Let us assume the temperature of the drying agent
(air) in the thermostat #, °C, which remains constant
throughout the entire process of water evaporation.
Relative air humidity ¢, %, heat and mass transfer
surface F, m?, surface temperature of water in contact
with air £, °C.

In a non-stationary drying process, the supplied
heat is consumed: for the evaporation of moisture
from water: l

G,1,dG,

FﬁT(pst - pp) Xr
RT,
M,

dr,

“4)

for heating the steel plate:
d(G,C,t,).

pl” pl

)

and heating the water:
d(G,C.t,).

g788

(6)
where M, is the molecular weight of water, kg/kmol;
D 18 the pressure of saturated water vapour, Pa, at the
water surface temperature Z; p,is the partial pressure
of water vapour, Pa, in the thermostat;P; is the mass
transfer coefficient from water to air, m/s; r is the
specific heat of vapour of water, J/kg, at the water
surface temperature #;; G, is the mass of the plate, kg;
C,, 1s the specific heat capacity of the plate material,
W/(kg-K); G, is the mass of the water sample, kg;
C, is the specific heat capacity of water, W/(kg-K);
R is the universal gas constant, R = 8314 J/(kmol-K);
T, is he absolute water surface temperature, K; dt,, is
the increase in water temperature over time dt ; df,, is the
increase in plate temperature over time d .t

Taking into account expressions (1) — (6), the heat
balance equation will be as follows:

Fa, (1, —tg)dt+Fa, (t, —t,)dt+C,t,dG =

(7

F ‘T
:Wdt+d(G,c,ty)+d(Gplc J )’

g7g'g pl°pl
M

w

After opening the brackets, considering C, and
C,, to be constant, we obtain:
Fou (t; —t5)dt+ Fo, (1, —t, )dt =

FB(p,—p,)xr
:¢d1++cgtgdtg +G

Mw

C, di )

1~ p19prs
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In the process of evaporation during the time dt ,
the mass of water changes by the value dG, kg:

_ FBT (p.vz _pp)
RT,
M

w

dG = dr, )

During the timet + dt the mass of water will be equal
to G, 4

G

T+dt

=G, +dG,

(10)

and the thickness of the water layer (height) will
be equal to : &

T+dt

(11)
where G, &, are the mass and thickness of the water
layer at time_ , kg; dh is the change in the thickness of
the water layer, m.

The term (% —1,) in equation (8) describes
the amount of heat transferred from air to glass by
convection. Part of this heat is used to heat the glass,
while the other part is transferred through the glass to
the water and is used to heat the water and evaporate
it. Heat loss to evaporation of water will occur when
the temperature of the water in the core 7, becomes
higher than the temperature of the water surface ¢;.

Let us consider natural convection. To calculate
the coefficient convective heat transfer coefficiento,
for media with Pr> 0.5, the following formula is
recommended when considering convection in an
unlimited volume [18,19]:

Nu, = k(Pr X Gr)'Z ,

h

T+dt

=h_+dh,

(12)
where Nu, is the Nusselt thermal criterion; Pr is the

Prandtl criterion; Gr is the Grasthoff criterion; &, n are
coefficients depending on the product Prx Gr.

NuT:aTTl, (13)
Przg, (14)

r -
or - 2P 7). (15)

v

where g is the acceleration of free fall g =9.81 m?s;
[ is the defining linear dimension (characteristic
length), m;p is the temperature coefficient of volume
expansion of air, K'';  is the kinematic viscosity of
air, m%s; a is the thermal conductivity coefficient,
m?s; A is the specific thermal conductivity of air, W/
(m-K).

The recommended values of k and n in formula
(12) are given in Table 1.

It is recommended to increase the value of k for
a plate with the heating side facing upwards by 30
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%, and to decrease it for a plate with the heating side
facing downwards by 30 % compared to the value of
k given in Table 1 [18,19].

Table 1
Estimated values of k and n in formula (12)
PrxGr k n
<103 0,45 0
107+ 5- 102 1,18 1/8
5-10%+ 2- 107 0,54 1/4
>2- 107 0,14 1/3

The mass transfer coefficient B, m/s, by analogy
with heat transfer, is determined from the Nusselt
diffusion criterion Nu,,

_Bd
Nu, =1 (16)

where D is the molecular diffusion coefficient, m?/s.
To determine the value of D for the water-air
system, we use the formula [20,21]:

7, \* 1013
D:Do(ﬁj X —=,
DPrar

(17

where 7, is the absolute temperature of the mixture
of water vapour and air, K; p, is the barometric
pressure, kPa, at which the process of moisture
evaporation occurs.

The diffusion coefficient D, at t = 0 °C and
barometric pressure p,, = 101.3 kPa for the air-water
vapour mixture is D,= 0.0784 m*h or D,) = 2.178
x10-5 m?/s [20,21].

The value of a,, for the case of heat transfer
from air to a solid horizontal surface with a constant
wall temperature, which can be considered the
temperature of the metal plate on the air side 7, during
the period of constant drying rate, is determined by
expression [22]:

Nu=0.667(Ray (Pr)) ",

(18)
where Ra is the Rayleigh criterion, Ra = Gr x Pr;
y(Pr) is a function of the Prandtl criterion.

9/16 -16/9
W(Pr):{l{o,@z] } ’
Pr

Equation (19) is recommended for all cases of
natural convection in boundary layers [22].

A characteristic geometric dimension in the
criterion equations (12) and (18) is the ratio of the
areca of the heat and mass transfer surface (water
surface) to its perimeter:

(19)

1==,

> (20)

where S'is the surface area, m? and P is the perimeter, m.
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To determine the surface temperature at which
water evaporates, we write the balance equation:

Fo, (t, —t;)dt+ Fa, (1, —t; )dr = w
Kl

M,

aw (21)

where a,, is the heat transfer coefficient between the
surface and the core of water (Fig. 2).

The direction of heat flow in equation (21) will be
determined by the driving

heat transfer force?, —%. In the case of7, <, the
heat flux will be negative, i.c., the supplied heat will
be spent on heating the water and its evaporation.

From equation (21) we obtain:

. Oty + 0,0, f[ﬁr (p” fpp)»rJ "M | RT;

S b
oy +a,,

(22)

It is known [23] that the temperature difference
between the surface of a body and the surrounding
fluid leads to a density gradient that causes the fluid
to move.

F

fs surface
temperature

lg temperature in
the centre

Iy bottom

Fig. 2. Scheme of heat transfer between
the surface and the core

The intensity of heat transfer between the body and
the fluid increases compared to pure heat conduction.
This movement of the fluid associated with the
transfer of heat leads to free convection. In our case,
the body is a metal plate to which heat is supplied
from the air, and the surrounding fluid is water.

To determine the temperatures of, and ¢, write
down the heat balance (Fig. 2). The direction of
heat flows will be determined by the corresponding
temperature difference (7, -z, ) and (¢, -1, ).

a,,(t,~1,)Fdv=GC,dr,,, (23)
o, (fs—t,)Fdr=GC,dt, . (24)

The left side of equations (23) and (24) describes
the heat transfer from the boundary (bottom, surface)
to the water core. The right-hand side shows the
amount of heating or cooling of the liquid depending
on the direction of heat flow. Adding the left and right

sides of equations (23) and (24), we obtain

o, (4, —t, ) Fdt+ o, (1, —1,) Fdr=GC, (dt,, +dt,,) = GC,dt,, (25)

From equation (25), we determine: ¢,
_ GG, —a,, (ty—t,)Fdt+ o, t,Fdt
a, Fdt

b ; (26)
The heat that has passed through the metal plate
due to due to thermal conductivity is equal to the
heat removed from the plate to the water due to heat
transfer:
Q(z ~t,)=a,,(t,~1,) 27
alplb_ag.lb e )s ()
From equation (27), we find the temperature of the
metal plate on the air side: ¢,

d
t,=t,+a,, (tb —tg)—"’,

- (28)
pl

The calculation formulas for determining the heat

transfer coefficients for free convection in the liquid

a,; and “** are as follows [24]:
at 10°< PrxGr <500

o4 (1‘] (29)
at 500 < PrxGr < 2000000
o4, (;) (30)
at PrxGr> 2000000
. A[;j (31)

The values of the coefficients A for water are given
in Table 2 [24].

Table 2
Values of the coefficients A, A,, A;in formulas (29)-(31)

°C 0 20 40 60 80 | 100 | 150 | 200

A 8,0 | 11,3 | 13,5 16,3 | 17,2 | 18,7 | 19,4
A, 60 96 | 128 | 153 | 176 | 195 | 235 | 262
614

15,1

A, 88 | 170 | 250 | 312 | 366 | 414 | 522

In formulas (29)-(31), we take half the thickness of
the water layer h/2 as the defining linear dimension.

The above system of equations is a mathematical
description of the unsteady evaporation of liquid
solutions.

Conclusions. A mathematical model of the
unsteady evaporation of a liquid food medium from
an inert surface under conditions of natural and

forced convection has been developed. The model
describes the heat balance of the system as a set of
interconnected components: convective heat transfer
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from the drying agent to the surface of the liquid and
the metal plate, heat conduction through the tank wall
and internal heat transfer between the bottom and the
core of the liquid. The proposed system of equations
covers all stages of the unsteady-state process,
from heating the material to reaching the wet bulb
temperature and complete moisture evaporation.

To determine the convective heat transfer
coefficients, the criterion equations with the Nusselt,
Grasgoff, and Prandtl criteria adapted to the geometry
of the system under study were used. The mass
transfer coefficient is calculated on the basis of the
analogy between heat and mass transfer using the
Nusselt diffusion criterion.

The coefficient of molecular diffusion in the water-
air system is determined by temperature and barometric
dependencies with the reference value Do = 2.178 x
10 m*s at 0°C and a pressure of 101.3 kPa.

The resulting model is an adequate mathematical
tool for calculating temperature profiles in the liquid
and the plate, the kinetics of the material layer height
reduction and the mass transfer rate at different
stages of evaporation. The model is applicable to
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Kpamapenxko JI.IL., T'ipenxo H.I. PO3POBKA MATEMATUYHOI MOJEJII
MHNPOLECY BUITAPOBYBAHHS PIIKOI'O XAPHOBOI'O CEPEJJOBUIIIA

HHPU HECTAIIOHAPHUX YMOBAX

Y emammi npeocmasneno po3pooxy mamemamuynoi mMooeni HecmayioHapHO20 NPoyecy GUNAPOBYEAHHS.
PiOK020 Xapuo8020 cepedoguya 3 IHEPMHOI NOGEPXHI 3d YMO8 NPUPOOHOI Md UMYUWEHO! KOHBEKYIL.
AxmyanvHicmeb 00CHIONHCEHHA 3YMOBIEHA KPUMUYHOK eHEeP2OEMHICII0 Npoyecis 3HeeobyHeHH;z ¥y Xap4osiu
NPOMUCTIOBOCTI, HA YaACMKY AKux npunadac 6i0 12% 0o 25% 3a2anbHoeo npoMuciosoeo eHepeoCcnoNCusaHHs
8 PO3BUHEHUX KPAIHAX, d MAKONC 3pOCMAIOH0K NOMpeboio 8 payioHAIbHIl YMUuii3ayii 6MopurHOi CUpOBUHU —
30Kkpema nugHoi opoounu (Brewer's Spent Grain, BSG) 3 nouamkosum eonocoemicmom 75-80%. Dizuxo-
XIMIUHA CKIAOHICMb PIOKUX XAPHOBUX MAMPUYb, WO XAPAKMEPUIVIOMbCSA HEHbIOMOHIBCLKOI) PEON02IUHON0
NOBEOIHKOW, UWUPOKUM OIANA30HOM HOYAMKOBOI 801020CMI (50—95%) ma CXUNbHICMI0 00 ABUUA «cdse
hardeningy», yHemMoXCIUBTIOE 3ACMOCYBAHHA  KAACUYHUX KOHBEKMUBHUX NIOX00i6 0e3 nonepeoHbo2o
mMamemamuuHo2o o6rpyumyeants. Pospobrena modenv onucye mennoguil bananc cucmemu «piouna—inepmua
NOBEPXHA—CYUUTbHUL A2eHMY K CYKYNHICHb 83AEMO38 I3AHUX MePMOOUHAMIYHUX CKIAO0BUX. KOHBEKMUBHO2O
menioniogody 8i0 CyUUIbHO2O a2eHmy 00 NOBePXHI PIOUHU Ma Memanedoi niacmunl, menionposioHocmi
uepes CmiHKY pe3epeyapy, 6Hympime0i'menﬂ06i§0aqi MidIC OHOM [ 10POM PIOUHU, A MAKOHC MACONEPEHECEHHS
npu gazoeomy nepexooi. Cucmema oupepeHyianoHux pigHsHb Men108020 OALAHCY OXONIIE 8eCh OiaNd30H
HecmayioHapHo2o npoyecy — 8i0 NPOcPi8aAHHA MAMepialy 00 00CASHEHH MeMNepamypu MOKpO20 mepmomempa
ma NOBHO20 GUNAPOBYEAlHs 6onocU. Pospobiena mamemamuuna mooens € adex8amuum iHCMpymMenmom st
PO3DAXYHKY meMnepantypHux npoginie y piouni ma memanesil niacmuni, KiHemuKu 3MeHUeH s 8UCOMU Wapy
mMamepiany ma iHMeHCUBHOCMI MAcosiooayi Ha pisHux emanax npoyecy. Mooenb npudamma 015 3aCmocy8anHs.
00 WUPOKO2O KAACY PIOKUX XAPHOBUX CEPeO0BULY I3 SHAYHUM NOYAMKOBUM B0JI0208MICMOM: NUBHOT OpOOUHU,

PYKIMOBUX | 0804esUX Niope, MOIOYHUX KOHYeHmpamis ma Oiikosux cycnensiu. Ilepcnexmusamu noélzmbmux

0CI0dICEHD € 8epuhikayisi Mooeni Ha 1adOPAMOPHI YCMano8yi, it po3uupents 0Jis1 ONUCY HEHbIOMOHIBCLKUX
cucmem 30 3MIHHOW G'SI3KICMIO, @ MaKodc po3pooKa yu@dpoeoco OGIUHUKA CYWULLHOT YCMAHOBKU Olsl
ONMUMI3ayii pedCUMHUX NAPAMEMPIE Y PealbHOMY Yacl.

Knwuosi cnosa: mamemamuuna mooenvb, HeCmayioHapre 8Unaposysants, pioke xapuoge cepedosuuye,
MenIoMaco0OMiH, NPUPOOHA KOHBEKYIs, BUMYUIEHA KOHBEKYISA, NUBHA OpOOUHA, Koeiyienm meniogiooaui,
Koeghiyienm macosiodaui, xpumepiu Hyccenoma, kpumepiii [paceogpa, monexkynapna ougysis, «case
hardeningy, 31e800HeHH:, XAPUOBA NPOMUCLOBICHIb.
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